Introduction
If we denote the sides of a triangle by (a, b, c) then the area is given by ∆ = s(s − a)(s − b)(s − c)
where s = (a + b + c)/2 is the semiperimeter. This formula is usually attributed to Heron of Alexandria circa 100 BC -100 AD. However, it was already known to Archimedes prior to 212 BC [5, p. 105 ].
Our investigation is limited to triangles with rational sides. Even with sides of rational length, "Heron's" formula shows that the area need not be rational; any triangle with three rational sides and rational area is called a Heron triangle. 
The Schubert Parameters
Consider the triangle in Figure 2 , showing one of the medians with its adjacent angles. If we apply the trigonometric identity cot α 2 = sin α 1 − cos α to the angle α a say, in Figure 2 , then it is clear that the corresponding half-angle cotangent is rational only if sin α a and cos α a are rational. Since we see that sin α a , cos α a and hence cot ( αa / 2 ) are rational for any Heron triangle with a rational median k. The same argument applies to all the angles α a , β a , γ a , δ a adjacent to median k so all the half-angle cotangents are rational in this case. To ensure an unambiguous naming scheme for these parameters we impose a counter-clockwise orientation on the triangle around its centroid. Then the angles that the median to side a makes with the triangle, beginning with the two at the vertex, are labeled α a , β a , γ a , δ a as in Figure 2 . The respective half-angle cotangents are denoted by M a , P a , X a , Y a . We call the set of rational numbers (M, P, X, Y ) 'Schubert parameters'; it is understood that if no subscript is present then the parameters are all obtained from the same median. . The half-angle cotangents X and Y satisfy XY = 1, while the three half-angle cotangents M , P , and X satisfy an important relationship first proved by Schubert:
Although only two parameters suffice to describe any triangle, we usually consider three parameters (M, P, X). It is important to note that if (M, P, X) does satisfy equation (3), then so do 32 related 3-tuples. These occur because equation (3) is invariant under the following operations:
(i) replace any parameter by its negated inverse, or
(ii) interchange M and P while also inverting X, or (iii) simultaneously invert all three of the parameters.
Since all such 3-tuples correspond to the same Heron triangle, we occasionally use an alternate representation.
Conversely, if we know any set of Schubert parameters, (M, P, X) say, then we can calculate the ratio of the sides (a, b, c) from
This specifies the triangle up to homothety (a similarity transformation), which is sufficient for our purposes.
In the process of trying to describe all rational-sided triangles with three rational medians the first author discovered that any rational-sided triangle, (a, b, c), with two rational medians is given by the parametrization (see [1, p. 38 
for (τ, φ, θ) constrained such that τ > 0, 0 < θ, φ < 1, and φ + 2θ > 1. In this case, if the parameters (τ, θ, φ) are rational, then the corresponding triangle must have rational sides and two rational medians, namely k and l, but not Table 2 : Sides, medians, area of discovered Heron triangles necessarily rational area. The scaling factor τ is usually set to one. Solving for θ and φ gives
Any triangle obtained from a rational triple (M, P, X) has rational sides, rational area, and one rational median, while a triangle obtained from a rational pair (θ, φ) has rational sides and two rational medians. It is the unveiling of the interplay of these two parametrizations of a triangle that ultimately allows us to make progress on the question mentioned in the introduction.
Search results and hint of a connection
In 1986, both authors, unaware of each other's work, began searching for Heron triangles with two rational medians. One particularly efficient method is to enumerate over the rational parameters (θ, φ) in equations (5) and then check if the area of the corresponding triangle is rational. This technique allowed us to obtain the last two triangles in Table 2 ; meanwhile naive exhaustion struggled to reach the fourth triangle in the list. So Heron triangles with two rational medians do exist. Naturally we wondered how to find, or better yet generate, more such triangles. The first author noted that the first, second, fifth, and sixth triangles of Table 2 have related internal angles and asked how this could be exploited.
Discovery of the sequence of squares
In October 1989, the second author discovered a remarkable connection between the X a and X b parameters of related triangles. By selecting the "appropriate" Table 3 : Triangles with a common {M b (i), P a (i + 1)} ratio.
Schubert parameters and inverting where necessary (denoted by an asterisk), it became possible to arrange the four triangles into a logical chain such that the M b parameter from one triangle was equal to the P a parameter of the next triangle. We label these first four triangles of the chain (see Table 3 ) by level 1, 2, 3 and 4 respectively, and insert the degenerate triangle (2, 1, 1), with rational area and medians, at level 0 to start the chain logically. The crucial observation occurred by comparing the X b (i) and X a (i + 1) ratios of consecutive triangles.
From levels 1 and 2 we observed that 2 . In other words, there is a distinct pattern of rational squares in the first few products of the numerators and denominators of the X b (i) and X a (i + 1) parameters. Furthermore, the denominator of one square becomes the numerator of the next square. Now all one needs to specify the next triangle in the chain is the denominator of the X product ratio since this would determine P (i + 1), X(i + 1) and hence M (i + 1) via Schubert's equation. For example, we set P a (5) = M b (4). Then since
and since P a (5) and X a (5) must lead to a rational value of M a (5) in Schubert's equation (3), one finds that k = 37 and hence X a (5) = 
Connection to Somos sequences
There the matter stood for 5 years, until the two authors were able to reestablish contact. The main question was: How was the rational square sequence
Numerator Factors
Denominator The problem with the method described in the previous section is that it requires the factorization of numbers that are growing very rapidly. Furthermore, there is still some ambiguity about inverting certain parameters and not others.
We found that all of the (M, P, X) parameters could be formed as a combination of two series. Notice that the numerator of the X b parameter in Table 4 is the product a 1 · a 2 · a 3 · a 4 and the denominator is likewise the product
, where each of the a i and b i are shifts of one or another of two special sequences. There are similar relationships for all the Schubert parameters for our set of triangles in terms of these two series, which we denote by S and T . We observed that each series seemed to satisfy an order eight recurrence, namely,
S i−8 and
where
Since these two series were so fundamental, one author sent a query to the OnLine Encyclopaedia of Integer Sequences (sequencesresearch.att.com), au-thored by Neil J. A. Sloane. It quickly posted back that the first, S series, was indeed a Somos 5 sequence [4, p. 41], and gave the recursion formula
We realised that the T series satisfied the same recurrence with different initial terms. In terms of the order 5 recurrence we have
The half-angle cotangents of our chain of Heron triangles with two rational medians are given in terms of the series S and T by
Equations (9) permitted us to rapidly compute many corresponding triangles using multiprecision packages (MAPLE and PARI) and each such triangle invariably had rational area and two rational medians.
Searching for a Closed form for S and T sequences
Having obtained recurrence relations for S i and T i , we hoped that a closed formula would allow us to prove some of the results that we had so far observed only numerically. A second posting to the sci.math.research newsgroup prompted a number of interesting responses but by far the most impressive came from Noam Elkies, who gave two closed formulae for the S i sequence and indirectly provided a formula for the T i sequence. What follows borrows heavily from his reply.
Numerical evidence suggests that the sequence S i also satisfies recurrence relations of the form
if i is even,
It is possible to combine these into a single identity by defining
Replacing S i with σ i or σ i /r as appropriate and then equating the preceding two recurrences, one finds that r = 4 2/3. Hence, the σ i satisfy the recurrence relation
Because of the similarity of this to a Somos recurrence on sequences of elliptic theta functions, one attempts to fit a solution of the form
In fact, the parameters q, z, b, u can be obtained numerically from the condition that the formula for σ i hold for the initial values. This leads to
The theta function (10) is rapidly convergent and so we have a numerical, closed form expression to evaluate each σ i and hence each S i . Using the initial conditions for the T -sequence would lead to a similar theta function.
However, the numbers S i can also be obtained "arithmetically" from the elliptic curve C * /q 2Z associated to our theta functions. By (i) computing the j-invariant j(E) = j(q 2 ) as a real number,
(ii) using its continued fraction to recognize j(E) as the rational 11 6 /612, (iii) computing the x-coordinate of the point z on the curve C * /q 2Z , which determines the correct quadratic twist, and (iv) reducing to standard minimal form, Elkies finds the elliptic curve
which is curve #102-A1 in Cremona's tables [2] . It has a point of order 2 at (0, 0) and an infinite order point at P = (x, y) = (2, 2). For i = 1, 2, 3, 4, . . . the x-coordinate of the i-th multiple of P on E in lowest terms is
Indeed, the numerator of i * P is always S 2 i or 2S 2 i according as i is even or odd. Notice that the denominator is precisely T 2 i . The two sequences are very closely connected. Not only do they satisfy the same recurrence relation, but the initial conditions are no longer arbitrary; given one it is possible to construct the other. Unfortunately, we were not able to use either of these closed forms to prove that the triangles generated from equations (9) and (4) always have rational area. However, the elliptic curve does turn up again and leads to such a proof from a different direction.
7 Triangles in the θφ-plane lead to five elliptic curves
At this stage we used equations (9), (4), and (6) to generate the values of θ and φ corresponding to the first 100 terms of the two Somos sequences S i and T i . We plotted these parameters, considered as points corresponding to distinct Heron triangles with two rational medians, in the θφ-plane (Figure 3 ) and the structure here was a surprise. Rather than being randomly distributed in the region, the points seem to lie on five distinct curves. During this process we discovered that the points were being distributed to the five curves in a periodic way with a cycle length of 7. The points generated by the parameter set (M a (i), P a (i), X a (i)) visited the curves in the order {1,2,3,4,1,2,5} . Similarly, the points generated by the set (M b (i), P b (i), X b (i)) visited the curves in the order {2,1,4,3,2,1,5}. As a result, it was easy to isolate the rational coordinates of enough points on each curve to determine the corresponding equations:
We conjectured that all the rational points on these five curves produce triangles with rational area. Since the triangle has two rational medians, one can form (θ, φ) parameters for either median. We call these dual parameter sets for the triangle. The transformation that takes (θ, φ) to its dual point (θ , φ ) is given by
Under this mapping the curves C 1 and C 2 are dual, as are C 3 and C 4 , while C 5 is self-dual. Thus it is sufficient to prove that all rational points on the curves C 2 , C 4 , and C 5 say, correspond to Heron triangles with two rational medians.
Next, we find that C 2 , C 4 and C 5 are all birationally equivalent to the same elliptic curve so we need to prove the conjecture only for C 4 , say. These three curves are quadratic in φ and the respective discriminants are Disc(C 2 ) = 4(4θ 4 + 8θ 3 + 5θ 2 − 2θ + 1), Disc(C 4 ) = θ 4 + 2θ 3 + 5θ 2 − 8θ + 4, and
Since we are searching for rational points on each of the curves, we require the discriminant of each to be a rational square. All the rational points that force this correspond to rational points on the elliptic curve
For C 2 , we map X to −1/θ while for C 4 and C 5 we just map X to θ. Finally we were able to prove the following Theorem 1 Every rational point on the curve C 4 : θ 2 φ − θφ 2 + θφ + 2θ − 2φ − 1 = 0 such that 0 < θ, φ < 1 and 2θ + φ > 1 corresponds to a triangle with rational sides, rational area, and two rational medians.
The proof requires several technical lemmas that will appear in a forthcoming paper. Here we just give an outline.
(i) The θ, φ inequalities are obtained from the triangle inequalities.
(ii) Reduce the squarefree part of the square of the area from degree 11 to degree 8 by applying the curve C 4 to Heron's formula (1).
(iii) Transform the curve C 4 to minimal Weierstraß form to obtain E, the elliptic curve found by Elkies in Section VI.
(iv) Finally, use induction in the group E(Q) to show that any point that corresponds to a triangle with rational area leads, in all possible ways, to another point corresponding to a triangle with rational area.
Two Isolated Triangles
The story does not end here since two of the triangles found by computational search (the third and fourth entries of Table 2 ) do not lie on any of our five elliptic curves. Although these two triangles were found using equations (5), they are probably not parametrizable by equations (9) since the five curves were numerically obtained from the latter. Each of these isolated triangles has associated with it six triangles that have a rational median and rational area and share a common Schubert parameter ratio. What role these ratios play is as yet undetermined.
We are continuing further research into these two triangles, as we conjecture that all Heron triangles with two rational medians are produced by formulae similar to those we have presented in this paper. However, finding more examples like these two appears difficult.
